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Abstract: The Unruh effect refers to the thermal fluctuations a detector experiences
while undergoing linear motion with uniform acceleration in a Minkowski vacuum. This
thermality can be demonstrated by tracing the vacuum state of the field over the modes
beyond the accelerated detector’s event horizon. However, the event horizon is well-defined
only if the detector moves with eternal uniform linear acceleration. This idealized condition
cannot be fulfilled in realistic situations when the motion unavoidably involves periods of
non-uniform acceleration. Many experimental proposals to test the Unruh effect are of this
nature. Often circular or oscillatory motion, which lacks an obvious geometric description,
is considered in such proposals. The proper perspective for theoretically going beyond,
or experimentally testing, the Unruh-Hawking effect in these more general conditions has
to be offered by concepts and techniques in non-equilibrium quantum field theory. In
this paper we provide a detailed analysis of how an Unruh-DeWitt detector undergoing
oscillatory motion responds to the fluctuations of a quantum field. Numerical results for
the late-time temperatures of the oscillating detector are presented. We comment on the
digressions of these results from what one would obtain from a naive application of Unruh’s
result.
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1 Introduction
The Unruh effect [1, 2] attests that a detector (an atom or a particle with internal degrees
of freedom coupled to the field to be detected) moving with a uniform proper acceleration a
sees the vacuum state of the quantum field as a thermal bath with the Unruh temperature:
TU = ~a/2pikB (1.1)
(setting the speed of light c = 1, as we do throughout this paper). Unruh’s classic paper
offers an illustrative analog for the Hawking effect in black holes [3], often explained in terms
of the geometric notion of an event horizon. However, there is no horizon for detectors
undergoing non-uniform or finite-time accelerations. One is naturally led to wonder about
the existence and robustness of the Unruh effect in situations outside of its original ideal
setting. Fortunately, the Unruh effect may be understood purely as a kinematic effect,
which was explicitly demonstrated [4–7] using the influence functional (Feynman-Vernon)
or closed-time-path (Schwinger-Keldysh) formalisms [8–10]. In non-uniform motion the
detector senses the field via a non-thermal spectral response, with the degree of non-
thermality governed by the deviation from uniform acceleration [5].
In fact, a detector that is not uniformly accelerated at all times, such as one in circular
or oscillatory motion, is in a non-equilibrium state. This was emphasized in [11], where
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a theoretical framework for treating the stochastic dynamics of particles interacting with
quantum fields under non-equilibrium conditions was developed. Under general conditions,
according to Hu and Johnson [11] the moving particle/detector will register a colored noise,
which turns thermal only in limiting conditions such as linear uniform acceleration where
the Unruh effect shows.
Details of these non-thermal deviations for non-uniformly accelerated detectors are
very relevant to experimental proposals of the Unruh effect [12–15]. For obvious practical
reasons the proposed experiments are often framed in the setting of circular or oscillatory
motion. Notably, the observed spin depolarization of electrons undergoing circular motion
was given an Unruh effect interpretation by Bell and Leinaas [16–19] and Chen and Tajima
[14] have proposed measuring the Unruh temperature of the radiation from oscillating
electrons in ultra strong lasers. See also [20] in which the resource of spin-entanglement
was investigated in accelerated electron systems.
A number of authors have previously considered the response functions for the Unruh-
DeWitt detectors moving with finite-time [21–25] and time-varying accelerations [26–28]
in first-order time-dependent perturbation theory (TDPT), though the TDPT will only be
of limited validity when the detector motion is non-stationary. In our view the time is ripe
to go beyond the TDPT to analyze problems like that of the oscillating detector, where
the equilibrium condition does not exist. To do so, we consider an atom-like detector,
modelled by a harmonic oscillator, that is linearly coupled to the field. Such a system
admits formally exact solutions to the evolution of the two-point correlators of the system
and field [29, 30]. Focussing on Gaussian states of the detector and field, the complete
dynamics of the system and field can be obtained. The formal solutions to the two-point
correlators involve double integrals which for any type of detector motion can be calculated
numerically. For these systems in Gaussian states the full information between the detector
and the field can be obtained and the non-equilibrium effects analyzed.
In this paper we will explore the extent to which the Unruh temperature could be
interpreted as a temperature in non-equilibrium conditions by looking at three types of
relativistic linear oscillatory motion: 1) the worldlines of Sinusoidal Motion (SM) formed
by the restriction of the circular worldline in the plane to only one of its directions, 2)
the worldlines of the electrons in intense lasers in the experiment proposed by Chen and
Tajima (CT) [14], in which the directional proper acceleration 1 of the detector is sinu-
soidal, and 3) the worldlines consisting of periods of Alternating (in direction) Uniform
Acceleration (AUA). Although of significant practical importance, oscillating worldlines
have not significantly been investigated previously in the literature. One of the reasons
for this is that the noise seen by a detector moving under such motion is time-dependent
(non-stationary), making the computations hard and results difficult to interpret. In our
work here, in addition to focussing on the kinematical effects on the vacuum fluctuations
we also consider two additional aspects that impart non-equilibrium characteristics to the
system: one pertains to the coupling strength, the other to the switch-on time. Strong
1We found it is convenient to define “directional proper acceleration” as the proper acceleration (positive
definite) multiplied by the sign of a3 (the z3-component of the 4-acceleration) for the detector in one-
dimensional oscillatory motion.
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coupling between the oscillator and the field can alter the state of the field so drastically
that it invalidates the interpretation of the oscillator as a detector of the field [30]. Finite
switch-on time also brings in out-of-equilibrium behavior. At the moment of being switched
on the detector is at the ground state and is therefore out of equilibrium with the thermal
or non-thermal bath of the field quanta.
To connect to the more familiar equilibrium physics we show that near equilibrium and
in the Markovian regime, which refers to the ultraweak coupling limit and/or the ultrahigh
acceleration limit [30], the detector heats up analogously to the way classical bodies heat
in fluids. The cooling-rate constant for Newton’s law of cooling is calculated, providing a
suggestive analogy to classical thermodynamics. Furthermore, and more important for the
purpose of this paper, we discuss the range of validity of applying this type of reasoning for
near-equilibrium condition to non-stationary situations, emphasizing that the non-thermal
noise seen by the detector can lead to counter-intuitive late-time temperature readings if
one naively makes assumptions about the instantaneous thermality of field based on the
simple Unruh formula.
In Section 2, we provide details of the detector model and the numerical strategy used
to calculate the detector covariance matrix and its effective temperature. In Section 3 we
discuss the uniformly accelerated detector when its temperature is out of equilibrium with
the thermal field. The subtle non-thermal effects that arise in the vacuum fluctuations
when the motion is not uniform are discussed using the well-studied example of circular
motion to explain this point, with numerical results provided in Appendix A. In Section
4 we present our numerical results for the non-stationary oscillating detectors, followed by
discussions in Section 5. Finally our conclusion is given in Section 6.
2 Description of the detector
Consider an Unruh-DeWitt (UD) detector, whose internal degree of freedom is that of a
harmonic oscillator Q, of mass m0 and bare natural frequency Ω0, coupled with a massless
scalar quantum field Φ. The action of the combined system [29] is given by:
S = −
∫
d4x
√−g1
2
∂µΦ(x)∂
µΦ(x) +∫
dτ
{
m0
2
[
(∂τQ)
2 − Ω20Q2
]
+ λ0
∫
d4xQ(τ)Φ(x)δ4 (xµ − zµ(τ))
}
, (2.1)
where gµν = diag(−1, 1, 1, 1), zµ is the worldline of the detector parametrized by the proper
time τ and λ0 is the coupling constant between the detector and field.
Assume the initial state (at t = τ = 0) of the combined system is a direct product of
the ground state of the detector and the Minkowski vacuum of the massless scalar field.
Since at most quadratic terms appear in the action, the state of the detector will remain
Gaussian throughout its evolution. Gaussian states are completely described by their
covariance matrix, vij(τ) = 〈Rˆi(τ), Rˆj(τ)〉 ≡ 12〈Rˆi(τ)Rˆj(τ) + Rˆj(τ)Rˆi(τ)〉 and first order
moments, 〈Rˆi〉, where Rˆi = (Qˆ, Pˆ ) and Pˆ = m0dQˆ/dτ . For the assumed choice of initial
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state, the first order moments vanish and the covariance matrix separates into a sum of
two parts [29]: v = va + vv. The first part, va (= 〈Rˆi(τ), Rˆj(τ)〉a in [29]), accounts for the
dissipation of zero-point energy initially in the detector. It is independent of the motion
of the detector when expressed as a function of the detector’s proper time. Explicitly, the
va matrix elements are [30]:
va11(τ) =
~θ(τ)
2Ω2Ωrm0
e−2γτ
[
Ω2r − γ2 cos 2Ωτ + γΩ sin 2Ωτ
]
, (2.2)
va22(τ) =
~Ωrm0
2Ω2
θ(τ)e−2γτ
[
Ω2r − γ2 cos 2Ωτ − γΩ sin 2Ωτ
]
, (2.3)
and the off-diagonal elements can be calculated from va12 = v
a
21 = (m0/2)∂τv
a
11(τ), where
γ ≡ λ20/8pim0, Ω ≡
√
Ω2r − γ2 and Ωr is the renormalized natural frequency of the detector.
On the other hand vv (= 〈Rˆi(τ), Rˆj(τ)〉v in [29]) includes the detector’s response
to vacuum fluctuations. It depends on the motion of the detector and can be obtained
numerically [31] for any worldline by calculating the double integrals:
vv11 = 〈Qˆ2(τ)〉v =
λ20
m20Ω
2
lim
τ ′→τ
Re
∫ τ
0
dτ˜
∫ τ ′
0
dτ˜ ′K(τ − τ˜)K(τ ′ − τ˜ ′)D+(zµ(τ˜), zµ(τ˜ ′)),(2.4)
vv22 = 〈Pˆ 2(τ)〉v =
λ20
Ω2
lim
τ ′→τ
Re
∫ τ
0
dτ˜
∫ τ ′
0
dτ˜ ′K˙(τ − τ˜)K˙(τ ′ − τ˜ ′)D+(zµ(τ˜), zµ(τ˜ ′)),(2.5)
and vv12 = v
v
21 = (m0/2)∂τv
v
11, where K(x) ≡ e−γx sin Ωx and K˙(τ) = ∂τK(τ), and
D+(zµ(τ˜), zµ(τ˜ ′)) is the positive-frequency Wightman function of the massless scalar field
along the worldline zµ(τ):
D+(zµ(τ), zµ(τ ′)) =
~/(2pi)2
|z(τ − i/2)− z(τ ′ + i/2)|2 − [z0(τ − i/2)− z0(τ ′ + i/2)]2 , (2.6)
which encodes the quantum fluctuations of the Minkowski vacuum along the respective
worldline and can be interpreted as a type of “noise” [32, 33]. Notice that the Wightman
function diverges in the coincidence limit:
lim
τ→τ ′
D+(zµ(τ), zµ(τ ′)) = lim
∆→0
−~/(2pi)2
(∆− i)2 [1 + 112a2(T )∆2 +O(∆4)] , (2.7)
where we have written τ ≡ T + ∆/2, τ ′ ≡ T − ∆/2, and a(T ) ≡ √aµ(T )aµ(T ) is the
instantaneous proper acceleration of the detector at time T . Since the τ˜ and τ˜ ′ integration
variables in (2.4)-(2.5) can coincide inside the integration domain, special care is needed
when numerically calculating these integrals [31]. Equation (2.7) shows that the singular
behavior is independent of the worldline in question and in certain cases the integrals
are exactly solvable. Therefore, in the strategy we adopt, one first subtracts from the
Wightman function of the worldline in question the Wightman function for the exactly
solved worldline. Here we use the Uniformly Accelerated (UA) detector [29, 30]:
fa
(
zµ(τ˜), zµ(τ˜ ′)
) ≡ D+ (zµ(τ˜), zµ(τ˜ ′))−D+ (zµ(a)UA (τ˜), zµ(a)UA (τ˜ ′)) , (2.8)
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where z
µ(a)
UA the worldline of a UA detector with proper acceleration a. Since this subtracted
Wightman function is analytic, the resulting integrals with fa can be evaluated numerically.
Then the analytic results for the UA detector correlators [29, 30], whose divergence is under
control, are simply added back at the end of the calculation. For example,
〈Qˆ2(τ)〉v = 〈Qˆ2(τ)〉v,UA + δ〈Qˆ2(τ)〉v, (2.9)
where the closed form expression for 〈Qˆ2(τ)〉v,UA can be found in Eq.(A3) of [30] and
δ〈Qˆ2(τ)〉v ≡ λ
2
0
m20Ω
2
Re
∫ τ
0
dτ˜
∫ τ
0
dτ˜ ′K(τ − τ˜)K(τ − τ˜ ′)fa
(
zµ(τ˜), zµ(τ˜ ′)
)
, (2.10)
is evaluated numerically.
The bi-linear coupling in the last term of (2.1) results over time in multi-mode squeez-
ings between the detector oscillator mode and the field modes. The reduced state of the
detector is obtained by tracing out the field modes in a multi-mode squeezed state which
then appears like a thermal state after its density matrix in the eigen-energy basis is di-
agonalized. The effective temperature associated with the reduced state of the detector is
evaluated in [30] :
Teff(τ) =
[
kB
~Ωr
ln
(U(τ) + ~/2
U(τ)− ~/2
)]−1
, (2.11)
with U(τ) ≡
√
〈Pˆ 2(τ)〉〈Qˆ2(τ)〉 − 〈Qˆ(τ), Pˆ (τ)〉2 2. In general, the effective temperature
depends on all of the parameters in the model and the time of the evolution.
When the noise along the worldline is stationary (i.e., D+ depends on ∆ only) the
power spectrum of the noise can be defined according to the Wiener-Khintchine theorem
by:
F(ω) = lim
→0
∫ ∞
−∞
d∆e−iω∆−|∆|D+(∆) (2.12)
It is well known [34] that the Wightman function for a massless scalar field in Minkowski
vacuum along the UA detector worldline, z
µ(a)
UA = (a
−1 sinh aτ, 0, 0, a−1 cosh aτ), is station-
ary:
D
+(a)
UA (τ, τ
′) ≡ D+
(
z
µ(a)
UA (τ), z
µ(a)
UA (τ
′)
)
= − ~
(2pi)2
a2
4 sinh2 a2 (∆− i)
, (2.13)
and has an exactly thermal power spectrum
F(ω) = ~ω
2pi
1
e~ω/kBTU − 1 , (2.14)
at the Unruh temperature (1.1).
Ideally, a good thermometer should not significantly disturb the temperature of the
system it is measuring [35]. But as shown in [30] when the detector (2.1) is accelerated
uniformly, non-Markovian effects can result in late-time detector readings that are totally
different from the Unruh temperature. In these regimes the backreaction of the detector
2〈Qˆ, Pˆ 〉2 term is not present in Eq.(33) of Ref. [30] because it goes to zero at late times.
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strongly affects the field that it is measuring. When the interaction is turned on the
system experiences a “jolt” over very short time-scales of the order of the inverse UV cutoff
frequency, which results in sudden entanglement generation between the detector and the
modes of the field. Furthermore, the inclusion of backreaction self-consistently engenders
memory effects in the dynamics. Because of these memory effects there is only a limited
range of validity in which the model (2.1) can be considered to be a good thermometer for
measuring the Unruh effect. Indeed, the effective temperature of the UA detector at late
times is approximately the Unruh temperature only in the Markovian regime, which refers
to the ultraweak coupling limit and/or the ultrahigh acceleration limit.
Fortunately, in realistic cases 3 the coupling is ultraweak and so the weak coupling
limit applies [30]. To briefly justify this claim, consider (2.1) as an approximation to the
interaction between a hydrogen-like atom (with approximately equally spaced energy lev-
els) and the EM field. The cut-off energy for this system will be the ionization energy of the
outer-most electron Ecutoff ∼ n~Ωr, (with n equally spaced electronic levels). The dimen-
sionless UV cutoff defined in [30] is Λ1 = Λ0 = − ln ~Ωr/Ecutoff ∼ O(1). For hydrogen-like
atoms the spontaneous emission rate of the transition from the first excited state to the
ground state is ~γ ∼ 10−7eV, and ~Ωr ∼ 1eV. Typically a ∼ Ωr/~ is the acceleration at
which the Unruh effect becomes relevant. Comparing the parameters, we observe that this
idealized atomic system is modeled by the action (2.1) in the ultraweak coupling regime
γΛ1  a,Ωr. In this regime a UA detector has a late-time temperature consistent with
the Unruh temperature [30].
3 The uniformly accelerated detector out of equilibrium
Suppose a UA detector prepared in the ground state and far out of equilibrium has its
coupling to the field turned on at some finite time. This induces a “jolt” which suddenly
raises the detector’s temperature from zero to a finite value. However, after a period of
time of roughly the inverse coupling constant squared, to good approximation the behavior
of the evolution in the Markovian regime proceeds according to Newton’s cooling equation.
To justify this claim, suppose that the temperature of the detector near-equilibrium |T∞−
T |/T∞  1, obeys the evolution equation:
dT
dτ
= k(T∞ − T ) +O(T∞ − T )2. (3.1)
i.e., Newton’s law of cooling. If this were true of the UA detector, it would be possible to
find a temperature independent value of the cooling rate, k. Using the analytic formulas
in [30] we find, in the ultraweak coupling limit (taking γ to zero while keeping γτ fixed),
the simple formula:
k =
1
(T∞ − T )
dT
dτ
=
(
2 +
pi2Ω2rcosech(τ
2γ2)
6a2
)
γ +O(γ2). (3.2)
3Please note an erratum in [30] in the heading and the text of section IV.A: “ΩΛ1  a, γ” should read
γΛ1  a,Ω”.
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We see that at late times (near equilibrium), a fairly natural value of k ∼ 2γ emerges. This
approximate evolution is compared with the exact behavior of the UA detector in Fig. 1,
showing very good agreement. While this correspondence to Newton’s equation is only
mathematical, it paints a very simple and intuitive picture for the thermalization process
of Unruh-DeWitt detectors, especially when one compares it with the rather complicated
exact expression for the UA detector temperature [30].
1 2 3 4 5 6
ΓΤ
-
a
4 Π
0
a
4 Π
a
2 Π
T kBÑ
104∆T
Figure 1. (Color online) a = 100, γ = 10−3,Ωr = 1,Λ0 = Λ1 = 3. The green line is the temperature
of the UA detector (grey is the Unruh temperature), red dashed line is the solution to Newton’s
equation for k = 2γ and initial condition T (γ−1) = TUA(γ−1). The blue line underneath shows the
error between the two temperatures magnified by a factor of four orders of magnitude.
Consider now applying this classical intuition to predict behaviour of the temperature
of an oscillating detector, which is by nature always out of equilibrium with the apparent
state of the field. For illustrative purposes the three kinds of oscillating worldlines that we
consider, and their corresponding directional proper accelerations, are compared in Fig. 2.
The exact equations for these worldlines can be found in the next section. In these figures
the worldlines have been normalized such that they oscillate at equal coordinate frequency,
w, and have equal time-averaged proper accelerations, which we calculate by integrating the
time-dependent proper accelerations, a(τ), over a period τ ∈ P = [τ(t = 0), τ(t = 2pi/ω)],
a¯ ≡
∫
P a(τ)dτ∫
P dτ
. (3.3)
Other mean values, e.g. arms ∼
√
(
∫
a2dτ/
∫
dτ) could also be considered. However we
will see in what follows that (3.3) is the most relevant average for our discussions.
One might be tempted to speculate that in the long-time limit the average temperature
that the oscillating detector observes is given by Unruh’s relation with the acceleration
replaced by the time-averaged proper acceleration (3.3). Indeed this has been shown to be
a good approximation for an very slowly varying acceleration with a˙/a2  1 in [27, 28].
To see why one might arrive at this, let us momentarily assume that the noise seen by the
detector at each moment of time is instantaneously thermal and consistent with the Unruh
– 7 –
temperature formula:
T (τ) =
~a(τ)
2pikB
, (3.4)
where a(τ) is the instantaneous proper acceleration at time τ . The proper time is used
because the temperature is measured in the proper frame of the detector. According to
this picture, the detector experiences a thermal bath with a time-dependent temperature.
To answer how a detector behaves in such an environment we consider a classical analogy.
Imagine a thermometer under a tap that is running water. The temperature of the water
can be made to regularly oscillate by adjusting the hot-water faucet. At late times the
reading on the thermometer must lie between the minimum and maximum temperatures
of the water because it can always absorb or emit heat. One can model the situation
using Newton’s law of cooling: dT/dt = k(Text(t) − T ), for some constant k, with time-
dependent external bath temperature, Text(t). For any periodic Text(t) there will be a
steady state solution. At late times this solution must satisfy dT/dt = 0, where over-line
represents the time-averaged value, otherwise the temperature would vary from one period
to the next. It then follows from Newton’s equation that T (t) = T ext(t) in the steady
state regime. In other words, at late times the average reading on the detector equals the
average temperature of the time-dependent surroundings if the time-scale of the response
of the thermometer is much longer than the period of the oscillation of temperature.
Since we know that the near-equilibrium evolution of the UA detector also follows the
Newton equation in the Markovian regime, by analogy one expects that the temperature
recorded by an oscillating detector satisfies
T eff(∞) = ~a¯
2pikB
. (3.5)
We will see in the next section that even in the Markovian regime where the UA
detector approaches the Unruh temperature at late times, such formula does not always
work. The reason is because assumption (3.4) is not exactly correct. This can already be
seen in the well-studied case of circular motion. To see this one only needs to compare the
two-point correlation functions, i.e., the quantum “noise” of the field, experienced by the
detector. The worldline of a Circularly Moving (CM) detector is:
zµ◦ (τ) = (Γτ, (Γv/ω) sinωτ, (Γv/ω) cosωτ, 0), (3.6)
where ω is the angular frequency of the circular motion, v is the speed of the detector in
Minkowski time and Γ ≡ 1/√1− v2. The proper acceleration, a◦ = Γvω is constant in
time. Expanding the positive-frequency Wightman function for the CM detector in terms
of ∆ = τ − τ ′, one obtains
D+◦ (τ, τ
′) =
~
(2pi)2
[(
2Γv
ω
sin
ω∆
2
)2
− (Γ∆)2
]−1
=
~
(2pi)2
{
∆2
[
−1− a
2◦
12
∆2 +
a2◦ω2
360
∆4 − a
2◦ω4
20160
∆6 +O(∆8)
]}−1
=
~
(2pi)2
[
− 1
∆2
+
a2◦
12
− a
4◦
720
(
3 +
2
v2
)
∆2 +
a6◦
60480
(
10 +
22
v2
+
3
v4
)
∆4 +O(∆6)
]
(3.7)
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Π 2 Π 3 Π 4 Π
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-R
0
R
z3
kicks
Π 2 Π 3 Π 4 Π
ω t
-a
0
a
αHtL
Figure 2. (Color online) (Upper) Comparison of the oscillatory worldlines: zµCT red lined (4.4),
zµAUA blue dashed (4.7), and z
µ
SM green dotted (4.1). For each case the time-averaged proper
acceleration and frequency are a¯ = 15 and ω = 10 respectively. In the AUA case a = a¯ = 15, in
the other cases, R(a¯, w) ≈ 0.093 and a0(a¯, w) ≈ 1.044 have been obtained numerically. While the
worldlines are nearly indistinguishable their accelerations are quite different: (Lower) Comparison
of the directional proper accelerations α(t) (a(t) = |α(t)|) for the three worldlines, for the same
choice of parameters above. The double kicks in the SM acceleration profile become more enhanced
in the ultra-relativistic regime.
with  suppressed. On the other hand, expanding the Wightman function for the UA
detector (2.13) with the same proper acceleration we have
D
+(a◦)
UA (τ, τ
′) =
~
(2pi)2
{
∆2
[
−1− a
2◦
12
∆2 − a
4◦
360
∆4 − a
6◦
20160
∆6 +O(∆8)
]}−1
=
~
(2pi)2
[
− 1
∆2
+
a2◦
12
− a
4◦
240
∆2 +
a6◦
6048
∆4 +O(∆6)
]
. (3.8)
Although the first two terms (up to O(∆0)) are equal, the higher order corrections differ,
and thus the field noise statistics are not identical in these two cases (note that 0 ≤ v < 1,
though apparently D+◦ approaches D
+
UA when v → ∞). This point was already made by
Bell and Leinaas [16], and indeed as they found, the effective temperature in the circular
case has a frequency dependent spectrum at a temperature slightly different from the
Unruh temperature. A detailed analysis has been given by Unruh [19]. In Appendix A we
provide more numerical results of the late-time effective temperature for the detector (2.1)
in circular motion.
Kinematically the difference between the linear Unruh effect and the circular effect is
rooted in the qualitative difference between linear acceleration and angular acceleration.
Even on simple dimensional grounds, there is only one parameter in the linear case, the
proper acceleration, whereas there are two in the circular case, the angular acceleration
and the radius of the orbit (or equivalently, the speed). In the linear case, the speed
of the particle asymptotically approaches the speed of light, entailing the formation of
an event horizon. In the circular case, the direction of velocity changes but its magnitude
– 9 –
remains constant and there is no event horizon. At a more fundamental level, the difference
between the linear and circular Unruh effects reflects the deep divide between equilibrium
and non-equilibrium conditions. From the kinematical viewpoint the circular case displays
non-equilibrium (albeit steady state) quantum field statistics that are more general than
the linear uniform acceleration case.
The lesson to be learned here is that simply knowing that a system is accelerating at
an instant of time is not enough to conclude that the field statistics are instantaneously
thermal at the Unruh temperature as in equation (3.4). Other details of the motion, such
as the velocity in the case of circular motion, also affect the state of the field as it appears
to the moving observer. These will affect the temperature registered by a detector and can
lead to counter-intuitive results, some of which will be discussed in the next section.
4 Oscillating Detectors: Results
In this section we present our results for the detector (2.1) moving along the three oscillating
worldlines shown in Fig. 2. As mentioned, in order for the accelerating oscillator to function
like a thermometer of the field it is important that we work in the Markovian regime
[30]. While the ultraweak coupling regime is likely to be the one relevant to experiments,
working at these very weak coupling regimes can be intensive numerically because of the
extremely long evolution time that is required to reach steady state. In order to obtain an
understanding of the qualitative features of realistic detectors we instead consider another
regime in which the UA detector observes an Unruh temperature: the ultrahigh acceleration
limit a  γΛ1,Ω [30]. Uniformly accelerated detectors in this regime will also reproduce
the characteristic Unruh behavior at late times.
4.1 SM worldline: sinusoidal oscillations
The first case we consider is Sinusoidal Motion (SM), which is a projection of the detector
in circular motion onto the z0-z3 subspace. The worldline is:
zµSM(t) =
(
t, 0, 0,−R cosωt
)
, (4.1)
where R is the oscillation amplitude, and ω is the oscillation frequency in coordinate time.
The constraint Rω < 1 is necessary in order for the motion to remain time-like. The proper
time can be explicitly solved as a function of the coordinate time using the elliptic integral
of the second kind: τ = ω−1E(ωt, (Rω)2), which can be inverted numerically to find t(τ).
The directional proper acceleration is αSM(t) = Rw
2 cosωt(1 − (Rw)2 sin2 ωt)−3/2, the
proper acceleration aSM(t) = |αSM(t)|, and the period of oscillations is tp = 2pi/ω and
τp = ω
−1E(2pi, (Rω)2) in the coordinate time and proper-time respectively. The time-
averaged proper acceleration (over one period of oscillation) is:
a¯ =
ω tanh−1Rω
E (R2ω2)
. (4.2)
As can be seen from the lower plot in Fig. 2, the acceleration profile for the SM
worldline develops extra peaks due to relativistic dilation effects that are largely amplified
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by the factor Γ3 = (1 − v2)−3/2 = (1 − (Rw)2 sin2 ωt)−3/2 around t(τ) ≈ (2k + 1)/(2piω),
k = 1, 2, 3, . . ., when the speed of the detector is large. This creates periodic positive
double-peaks in the function fa¯ ≡ D+
(
zµSM (τ˜), z
µ
SM (τ˜
′)
)
−D+
(
z
µ(a¯)
UA (τ˜), z
µ(a¯)
UA (τ˜
′)
)
defined
in Eq. (2.8) with the maximum value
fmaxa¯ =
1
(2pi)2
[
4
27
ω2 cosh4
a¯τp
2
− a¯
2
12
]
(4.3)
along τ ≈ τ ′ (see Fig. 3 (left)), which gives the periodic “kicks” to the subtracted v-parts
of the two-point correlators.
We illustrate an example for the evolution of the correlators and the effective tem-
perature of the UD detector in SM motion in Fig. 4. One can see that the mean values
of these quantities eventually settle down to constants, while the effects of the kicks on
top of the mean values always persist. In particular, the sawtooth-like structure of the
evolution curve for the effective temperature in Fig. 4 (right) reflects the effect of these
periodic “kicks” which kick the temperature up at regular intervals. In between those kicks
there are small “nonadiabatic oscillations” with period τp, which is due to the large rate
of change of the subtracted Wightman function in the ττ ′-plane [31].
The numerical results for the mean values of the late-time temperature (averaged over
a period of oscillation) of a detector following this worldline with ω = 20 and a¯ from 5
up to 15, are shown in Fig. 7 (right), where the maximum speed reached is 0.755 when
a¯ = 15. One can see that at high accelerations the temperature becomes lower than what
one might naively expect from the Unruh formula, Eq. (3.5).
Figure 3. (Left) The behavior of aSM(τ) below (4.1) creates double-peaks of fa¯ around t(τ) ≈
t(τ ′) ≈ (2k + 1)/(2piω), k = 1, 2, 3, . . .. They give positive “kicks” to the subtracted two-point
correlators and the effective temperature, whose mean values eventually saturate to some constants
but the nonadiabatic oscillations on top of them are always there. In contrast, both the fa¯ in
the CT (middle) and the AUA (right) cases have periodic negative dips around t(τ) ≈ t(τ ′) ≈
(2k+1)/(2piω), which give some kicked down behavior in the evolution of the subtracted correlators
and the effective temperatures.
4.2 CT worldline: Worldline of a charge in standing wave of intense laser
To identify the effects with and without the positive “kicks”, below we consider an alterna-
tive case inspired by the experiment proposed by Chen and Tajima (CT) [14]. A particle,
of mass m and charge e, placed at one of the magnetic nodes of an EM standing wave,
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Figure 4. Numerical results for δ〈Qˆ2〉v (left, given in (2.10)), 〈Qˆ2〉v (middle), and the effective
temperature Teff (right, given in Eqs.(2.9-2.11)) in the SM case (dark lines) compared with those
for the UA detector (grey lines) with the same a¯. In the middle plot the grey line is almost
indistinguishable from the dark line: The difference between them is below O(γ) at late times.
Here γ = 0.01, Ω = 2.3, ~ = m0 = 1, τ0 = 0, Λ0 = Λ1 = 20, τp ≈ 12.957, ω ≈ 0.314, and a¯ ≈ 0.926.
of amplitude E0 and frequency ω, follows the worldline (without considering radiation
reaction):
zµCT(t) =
(
t, 0, 0,− 1
ω
sin−1
2a0 cosωt√
1 + 4a20
)
, (4.4)
where a0 ≡ eE0/mω. The directional proper acceleration is αCT(t) = 2a0ω cosωt. The
proper time of the detector τ is related to the coordinate time t by τ(t) = ω−1F (ωt,−4a20),
where F (φ,m) is the elliptic integral of the first kind. The inverse function t(τ) can be
obtained numerically. This worldline oscillates with a period tp = 2pi/ω or a proper time
period of τp = ω
−1F (2pi,−4a20). The time-averaged proper acceleration reads
a¯ =
ω sinh−1 2a0
F
(
pi/2,−4a20
) . (4.5)
At low accelerations and non-relativistic velocities, zCT ∼ zSM.
An example for the evolution of the correlators and the effective temperature in the CT
case is shown in Fig. 5. The behaviors of these quantities are quite similar to those in Fig. 4
in the SM case, but the periodic upward kicks in the SM case are now replaced by downward
kicks due to the periodic dips of the proper acceleration around t(τ) ≈ (2k + 1)/(2piω),
k = 1, 2, 3, . . . (cf. Fig. 2). Again at late times the effective temperature of the CT detector
oscillates about a constant mean value.
We have numerically calculated the mean values of the late-time effective temperatures
of the CT detector at two different frequencies ω = 1 and ω = 20. As can be seen from
Fig. 7, the late-time behavior of the effective temperature of the detector against a¯ is
different in these two cases. For ω = 1 the temperature agrees quite well with the naive
application of the Unruh relation (3.5), however for ω = 20, again, at high accelerations
the temperature becomes lower than the Unruh temperature.
4.3 AUA worldline: alternating uniform acceleration regime
One should be aware of the complication in the CT and SM cases, where part of the motion
around t(τ) = (2k+1)pi/ω (k = 1, 2, 3, . . .) when a ≈ 0 may produce non-Markovian effects
even in the weak coupling limit [30]. To suppress this effect, below we consider the case
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Figure 5. Numerical results of δ〈Q2〉v (left), 〈Qˆ2〉v (middle), and Teff (right) for the CT detector
(dark lines) compared with the results for the UA detector (grey lines) with the same a¯. Here
ω = 0.0001, a0 = 20000, a¯ ≈ 3.769, and τp ≈ 11.983. Other parameters are the same as those in
Fig. 4.
with the proper acceleration of the detector is constant except at the isolated moments
τ = τp(2k + 1)/4, k = 1, 2, 3, . . ., when the proper acceleration is zero:
aµAUA(τ) =
(
a sinh a
[
τ − nτp
2
]
, 0, 0, (−1)na cosh a
[
τ − nτp
2
])
. (4.6)
Here n(τ) ≡ floor
(
2τ
τp
+ 12
)
, and floor(x) gives the largest integer less than or equal to x.
Then we have a¯ = a. We call this the Alternating Uniform Acceleration (AUA) worldline:
zµAUA(τ) =
(
1
a
[
sinh a
(
τ − nτp
2
)
+ 2n sinh
aτp
4
]
, 0, 0,
(−1)n
a
[
cosh a
(
τ − nτp
2
)
+ {(−1)n − 1} cosh aτp
4
])
. (4.7)
Note that as a0 increases with ω fixed, the CT-worldline converges to the AUA, so the
correlators and effective temperatures of both cases will converge in this high acceleration
limit, too. The direction of acceleration alternates in periods of proper time equal to
τp/2, with total oscillation period of τp. Both z
µ
AUA and its four velocity are continuous
everywhere. The worldline oscillation period in coordinate time is tp = 4a
−1 sinh aτp/4 and
its frequency is ω = 2pi/tp.
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Figure 6. Numerical results of δ〈Q2〉v (left), 〈Qˆ2〉v (middle), and Teff (right) for the AUA
detector (dark lines) compared with the results for the UA detector (grey lines) with the same a¯.
Here τp = 12, a¯ = a = 4, other parameters are the same as those in Fig. 4. Note that here the
ratio of the period τp of the alternating acceleration and the natural period of the detector 2pi/Ω is
not a rational number.
In Fig. 6 we give an example for the results in the AUA case when a ∼ O(Ω) & 2pi/τp.
We found that the late-time values of δ〈Qˆ2〉v and δ〈Pˆ 2〉v are both positive here, yielding a
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positive correction to the effective temperature of a UA detector in this parameter range.
Compared with Figs. 4 and 5, one can see that Teff in the AUA case has the periodic
“kicked-down” behavior similar to the ones in the CT case, though the magnitude is smaller
here. This can be explained by the periodic dips in the middle and the right plots of Fig.
3. Note that, while the AUA subtracted Wightman function fa(τ, τ
′) is constant almost
everywhere along the line τ = τ ′ in Fig. 3 (right), the dips are significant in the blocks
with |n(τ)− n(τ ′)| = 1 or larger, namely, when zµAUA(τ) and zµAUA(τ ′) are not in the same
UA piece of the AUA worldline.
When one increases the value of the proper acceleration a such that a  Ω, the
corrections to δ〈Qˆ2〉v and δ〈Pˆ 2〉v, for the AUA detector become negative, and the averaged
effective temperature at late times becomes lower than the Unruh temperature, as shown
in Fig. 7. This is consistent with the results for the detectors in the SM and CT cases in
the same limit.
As the oscillation frequency ω is lowered, the period of each piece of uniform accelera-
tion, τp/2, gets longer, and one expects that the effective temperature of the AUA detector
would more closely resemble the one for the UA detector. Indeed, the data points with
ω = 1 (left plot in Fig. 7) are closer to the results for the UA detectors compared with the
data points with ω = 20 (right).
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Figure 7. Comparison of the average late-time temperatures, T∞, of the numerically computed
data points for the CT-worldline (magenta), SM-worldline (purple, right plot only) and AUA-
worldline (blue) against the UA detector (green solid) and Unruh temperature (red dashed). Large
double kicks in the subtracted Wightman function for the SM case prevent us from numerically
accessing the parameter space when ω = 1. The amplitude of the oscillations in the temperature at
late times are much smaller than the size of the drawn data points. a¯ is the time-averaged proper
acceleration (3.3). Here ω = 1 (left) and ω = 20 (right); in both cases the parameters γ = 0.01,
Ω = 2.3, Λ0 = Λ1 = 20 have been chosen. If the coupling strength γ gets smaller, then T∞ will be
even lower, mainly because of the γΛ1 term in 〈P 2〉 for the UA detector [30].
5 Discussion
5.1 Comparison to Circular Motion and Uniform Linear Acceleration
The plots in Fig. 7 show that the temperature experienced by an oscillating detector is much
richer than one would expect from the naive formula (3.4). In particular, one observes a
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transition from T∞(a¯) > TU to T∞(a¯) < TU as a¯ is increased. In fact, it is already present
in circular motion as reported in [16, 19].
In Fig. 8 we compare our numerical data points to a similar plot that was produced for
circular motion previously [16, 19]. In these plots the behaviour of the effective temperature
of the oscillating detector more closely resembles that of the circularly moving detector
than the UA detector because their Wightman functions (2.6) are more similar at large
∆ = τ − τ ′. In the denominator of both the circularly moving and oscillating Wightman
functions, the value of |z(τ)−z(τ ′)|2 is always less than (ctp)2 (in CT, this is the wavelength
of the driving lightfield∼ 10−7m). As |∆| grows larger than a few periods of the oscillations,
the [z0(τ)−z0(τ ′)]2 term dominates such that the oscillatory and CM Wightman functions
go like D+ ∼ −(Γ∆)−2. In contrast, |z(τ)− z(τ ′)|2 for the UA detector is unbounded and
grows with [z0(τ)− z0(τ ′)]2, so that the UA Wightman function goes like D+UA ∼ −a2e−a∆
as ∆ grows large.
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Figure 8. Comparison of T∞/a¯ versus the normalized natural frequency of the detector, Ω/a¯ for
the same data as in Fig. 7. Again we have ω = 1 in the left plot and ω = 20 in the right. Now this
is compared to the known circular temperature formula (Eq. (12) in [19] with the ω there replaced
by Ω in this paper) for circular motion (orange line). The green line is that of the UA detector
which approaches the Unruh temperature formula (red dashed line) only in the large acceleration or
weak coupling limit. We see that, though the lines for different oscillating worldlines are different,
the oscillating worldlines and the circularly moving worldlines have similar transitional behaviour
across the red dashed line. However, in the ultrahigh acceleration limit (a¯  Ω, γ) the value of
T∞/a¯ for each oscillating worldline depends on ω, in contrast to the circularly moving detectors.
When ω = 20, our results indicate that T eff ≈ 0.13a¯ for the AUA worldline and T eff ≈ 0.14a¯ for
the CT worldline when a¯ Ω.
In Fig. 9 we compare the subtracted Wightman functions fa¯(τ, τ
′) for the SM, CT and
AUA worldlines averaged in the direction of T ≡ (τ + τ ′)/2 for one period τp. We find that
their shapes are also similar to that of the Wightman function of the detector in circular
motion, though when ∆ goes large, fa¯ ∼ −
(
2ω
pia¯ sinh
−1 pia¯
2ω
)2 ~/(2pi∆)2 for the SM, CT,
and AUA cases 4 while fa¯ ∼ −[ω2/(ω2 + a2◦)]~/(2pi∆)2 for the detector in circular motion
(a¯ = a◦). Furthermore all of them are negative in the domain with large ∆. Therefore, for
small Ω the effective temperatures in all of these cases will be significantly lower than the
Unruh temperature of the UA detector in the high-acceleration regime.
4This can be obtained by noting that in the AUA case, (4.7) gives z0AUA(τ) − z0AUA(τ ′) ≈ 2a−1[n(τ) −
n(τ ′)] sinh(aτp/4) if |τ − τ ′|  τp, when n(τ)− n(τ ′) looks like 2∆/τp in Fig. 9 if ωτp/(2pi) 1.
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Figure 9. (Color Online) Subtracted Wightman functions, fa¯(τ, τ
′) = D+ −D+UA defined in (2.8),
for the SM (purple), CT (magenta dashed) and AUA (blue dotted), circular (orange) worldlines
averaged in the direction of T ≡ (τ + τ ′)/2 over a period τp with a¯ = a◦ = 10 and ω = 20. The
similarity suggests that the oscillating detectors behave more like circularly moving detectors than
UA detectors when Ω ω, a¯.
When the parameters a¯, γ, Λ0, Λ1, Ω, and ω are held fixed, we find the hierarchy of the
effective temperatures CT > SM > AUA in the high-acceleration regime (see Fig. 7 (right)).
This is consistent with what one can observe in Fig. 9, where the value of
∫∞
0 f¯a¯d∆ is CT
> SM > AUA (all are negative).
5.2 On-Resonance Cases
One may wonder whether the corrections to the correlators and the effective temperature
may be amplified in the cases when the detector’s natural oscillation is on resonance with
the oscillatory motion. Indeed, we have observed numerically that when Ω ≈ 2pi/τp, that
is, when the natural frequency of the detector is the same as the frequency of its oscillatory
motion, the amplitudes of the oscillation of the subtracted correlators δ〈Ri,Rj〉 in time
are maximized. In Fig. 10 we give an example for the AUA detector with Ω = 2pi/τp. One
can see that δ〈Qˆ2〉v oscillates significantly between positive and negative values while the
mean values are positive. However, the amplitudes are still small (O(γ)) compared with
the total values of the v-part of the correlators 〈Qˆ2〉v. Note that in Fig. 10, the value of
the proper acceleration a = 2 is not large compared with other parameters. For a  cΩ,
the mean values of δ〈Qˆ2〉v and δ〈Pˆ 2〉v will become negative, too.
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Figure 10. Numerical results of an on-resonance case for the AUA detector (dark lines), compared
with the results for the UA detector (grey lines) with the same a¯. The values of the parameters are
γ = 0.01, Ω = 2.3, a = 2, ~ = m0 = 1, and τ0 = 0. Here the period of the alternating acceleration
τp is the same as the natural period of the detector 2pi/Ω.
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5.3 Detecting the Unruh Effect in Oscillatory Motion?
Since it is impossible to realize any eternal, ideal uniform acceleration in laboratory, many
authors have suggested attempting to detect the Unruh effect on charges or atoms in
linear oscillatory motion [14, 15]. For example, Chen and Tajima have proposed detecting
the Unruh effect on electrons from the radiation emitted by the electrons driven by a
linearly polarized laser field [14]. It was implicitly assumed in these calculations that the
autocorrelation of the UA worldline could be recovered from the autocorrelation of the CT
or AUA worldline in the high acceleration limit. In the above results, however, we have
shown that this is not the case, and furthermore that the steady-state average-temperature
experienced by a CT or AUA detector differs from that of a UA detector. It then follows
that the proposed signal of the Unruh effect emitted by the electrons or registered in the
Berry phase of the atoms [15] under CT or AUA motion will also be modified by taking
into account these differences.
In fact, we see quite generally that the steady state average temperature of any detector
that travels along a trajectory whose spatial distance is bounded in time will behave more
similarly to a circularly moving detector than a UA detector in the high acceleration limit
if the time scale of the response of the detector is longer than the period of the oscillatory
motion, i.e. Ω . ω (note that in Fig. 7 (left), the effective temperature in the AUA
case becomes lower than the Unruh temperature at high acceleration limit even when
Ω = 2.3 > 1 = ω, and the one for the CT has the same tendency). From a purist’s point of
view, this makes verification of the Unruh effect considerably more challenging. However,
from a pragmatist’s point of view, since the mechanisms by which the vacuum fluctuations
excite both oscillating detectors and UA detectors are the same, experimental verification
of the temperature dependence of the kind we have found would surely add weight to the
evidence in favour of the Unruh effect.
6 Conclusion
We have explored the non-equilibrium effects of vacuum noise under oscillatory motion
using a formally exactly solvable model of a harmonic oscillator detector. This model
provides an important tool that can be used to analyze the spectra of vacuum fluctuations
even in non-stationary situations. Since the model allows us to analyze the time-evolution
of the detector exactly, we were also able to investigate the approach to equilibrium that a
UA detector makes once it is switched on at some finite time finding that it obeys Newton’s
cooling equation at near-equilibrium temperatures.
We have emphasized that the instantaneous proper acceleration does not on its own de-
termine the effective temperature experienced by a detector at late times. Rather, the late
time temperature behaviour is more strongly dependent on the geometry of the worldline.
More specifically, since oscillating detectors like circularly moving detectors have spatial
trajectories that are bounded over time inside a finite spatial region, their steady state
temperature behaviour is more similar to each other than to that of the Unruh tempera-
ture if the time scale of the detector’s response is longer than the period of the oscillatory
motion.
– 17 –
We have taken several steps to remove detector dependent features which have the po-
tential to significantly change the state field that the detector is attempting to measure. In
particular, we worked in a regime where the UA detector recovered the Unruh temperature
at late times – the large acceleration limit. Our results indicate that at large oscillation-
frequencies and large average-accelerations the temperature of an oscillating detector is
lower than that of the Unruh temperature.
The exact behavior of any accelerated detector will depend on the features of the
detector model one uses. However, since the Wightman functions will be the same (for the
same choice of field), we expect that the model and numerical analysis we have presented
here will provide a good description for most experimental proposals that involve oscillatory
motion.
Our work is also commensurate with recent work that considers the physics of accel-
erating detectors in cavities with various boundary conditions [36, 37]. In this case the
Unruh effect is again confirmed, provided a sufficient number of modes in the cavity are
taken into account; furthermore, thermalization can non-perturbatively be demonstrated
to hold [38].
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A Late-time effective temperature of detector in circular motion
By virtue of the stationary property of both (3.7) and (2.13), obtaining the late-time results
for the subtracted correlators can be simplified to an one-dimensional integral:
lim
γτ→∞ δ 〈 Qˆ
2(τ) 〉v = limγτ→∞
λ20
m20Ω
2
Re
∫ τ
0
dτ˜
∫ τ
0
dτ˜ ′K(τ − τ˜)K(τ − τ˜ ′)fa◦(τ˜ − τ˜ ′)
= lim
γτ→∞
8piγ
m0Ω2
Re
∫ τ
−τ
d∆
∫ τ− |∆|
2
|∆|
2
dT e
−2γ(τ−T )
2
[cos Ω∆− cos 2Ω(τ − T )] fa◦(∆)
=
4pi
m0Ω2r
lim
γτ→∞
∫ τ
0
d∆fa◦(∆)
{
e−γ∆
(
cos Ω∆ +
γ
Ω
sin Ω∆
)
+O(e−γτ )
}
, (A.1)
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where the O(e−γτ ) terms can be neglected at late times. Similar arguments can be applied
to δ 〈 Pˆ 2(τ) 〉v to get
lim
γτ→∞ δ 〈 Pˆ
2(τ) 〉v = 4pim0 limγτ→∞
∫ τ
0
d∆fa◦(∆)
{
e−γ∆
(
cos Ω∆− γ
Ω
sin Ω∆
)
+O(e−γτ )
}
,
(A.2)
and δ 〈 Qˆ(τ), Pˆ (τ) 〉v vanishes at late times. From these subtracted correlators one can ob-
tain the late-time effective temperatures, which depends explicitly on the natural frequency
of the detector Ω.
Similar to the detectors in oscillatory motion, the effective temperature experienced
by a detector in circular motion can also be greater or less than the effective temperature
in a UA detector with the same proper acceleration. In Fig. 11 we compare the late-time
effective temperature of the circularly moving detector with that of the UA detector at the
same acceleration. In the high acceleration regime (a◦  Ω, ω) the effective temperature
Teff roughly depends on the proper acceleration a◦ only. For extremely large accelerations
in our results, Teff ≈ 0.91TU = 0.91a◦/2pi, independent of the values of Ω and ω. This is
consistent with the numerical results of Bell and Leinaas in Fig. 2 of [16] for |g| → 0 5,
and the analytic result Teff = a◦/4
√
3 given by Unruh in [19].
In Fig. 11 (right), one can also see that in the regime with large ω, small Ω, and
not-too-small a◦, the effective temperature Teff can be much lower than TU .
Figure 11. The ratio of the effective temperature Teff for a detector in circular motion to the Unruh
temperature TU of a uniformly, linearly accelerated detector with the same proper acceleration
a◦ = Γvω as a function of ω and a◦. Only the values less than 1 are shown to manifest the border
line with Teff = TU .
5The energy difference in the detector ~Ω, which corresponds to ∆ in [16] is less than ~a◦/cΓ in our high
acceleration limit.
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